Recent financial disasters emphasised the need to investigate the consequence associated with the tail co-movements among institutions; episodes of contagion are frequently observed and increase the probability of large losses affecting market participants' risk capital. Commonly used risk management tools fail to account for potential spillover effects among institutions because they provide individual risk assessment. We contribute to analyse the interdependence effects of extreme events providing an estimation tool for evaluating the Conditional Value-at-Risk (CoVaR) defined as the Value-at-Risk of an institution conditioned on another institution being under distress. In particular, our approach relies on a Bayesian quantile regression framework. We propose a Markov chain Monte Carlo algorithm exploiting the representation of the Asymmetric Laplace distribution as a location-scale mixture of Normals. Moreover, since risk measures are usually evaluated on time series data and returns typically change over time, we extend the CoVaR model to account for the dynamics of the tail behaviour. An application to U.S. companies belonging to different sectors of the Standard and Poor's Composite Index is considered to evaluate the marginal contribution to the overall systemic risk of each individual institution.
Introduction
During the last years a particular attention has been devoted to measure and quantify the level of financial risk within a firm or investment portfolio. One of the most diffuse risk measurement has become the Value-at-Risk (VaR) which measures the maximum loss in value of a portfolio over a predetermined time period for a given confidence level. In fact, in the current banking regulation framework, the VaR becomes an important risk capital evaluation tool where different institutions are considered as independent entities. Unfortunately, such risk measure fails to consider the institution as part of a system which might itself experience instability and spread new sources of systemic risk. For a comprehensive and up to date overview of VaR and related risk measures see for example Jorion [32] and McNeil et al. [48] . Recent financial disasters emphasised the need for a deep investigation of the co-movement among institutions in order to evaluate their tail interdependence relations. Especially during periods of financial distress, episodes of contagion among institutions are not rare and thus need to be taken into account in order to analyse the overall health level of a financial system: company specific risk can not be appropriately assessed in isolation, without accounting for potential spillover effects to and from other firms. For this reason different systemic risk measures have been proposed in literature to analyse the tail-risk interdependence (see Acharya et al. [1] , Acharya et al. [2] , Adams et al. [3] , Brownlees and Engle [9] and Billio et al. [8] ). Recently, Adrian and Brunnermeier [4] introduced the so called Conditional Value-at-Risk (CoVaR), which is defined as the overall VaR of an institution conditional on another institution being under distress. In this way the CoVaR not only capture the systematic risk embedded in each institution, but also reflects individual contributions to the systemic risk, capturing extreme tail risk interdependence.
There are many possible ways to infer on VaR and CoVaR. The most common approaches to estimate VaR are the variance-covariance methodology, historical and Monte Carlo simulations. For an overview of alternative parametric and nonparametric methodologies and processes to generate VaR estimates see Jorion [32] and Lee and Su [44] . Se also Chao et al. [10] and Taylor [52] for recent developments. Bernardi [5] and Bernardi et al. [6] propose to estimate VaR and related risk measures by fitting asymmetric mixture models to the unconditional distribution of returns. Moreover, Girardi and Ergün [27] propose to estimate the CoVaR using multivariate Generalized ARCH models for the conditional returns, and Bernardi et al. [7] consider the class of multivariate hidden Markov models.
In this paper, since both VaR and CoVaR are distribution quantiles we address the problem of their estimation using a quantile regression approach. Quantile regression has been popular as a simple, robust and distribution free modeling tool since the seminal work of Koenker and Basset [34] and Koenker [33] . It provides a way to model the conditional quantiles of a response variable with respect to some covariates in order to have a more complete picture of the entire conditional distribution than traditional linear regression. In fact, sometimes problem specific features, like skewness, fat-tails, outliers, truncated and censored data, and heteroskedasticity, can shadow the nature of the dependence between the variable of interest and the covariates so that the conditional mean would not be enough to understand the nature of that dependence. In particular, the quantile regression approach is appropriate not only when the underlying model is nonlinear or the innovation terms are non-Gaussian, but also when modeling the tail behaviour of the underlying distribution is the primary interest. There is a number of papers on quantile regression both in frequentist and Bayesian framework dealing with parametric and nonparametric approaches. For a detailed review and references, see for example, Lum and Gelfand [47] and Koenker [33] .
In quantile regression, the quantile of order τ of a dependent variable Y is expressed as a function of covariates X, say q τ (X). In literature different representations have been proposed to specify the quantile function q τ (x); the most common specification is the linear one adopted hereafter:
where x T denotes the transpose of x. The problem of estimating q τ (x) through quantile regression has been considered both from the frequentist and Bayesian point of view. In the former case, Koenker and Basset [34] show that the quantile estimation problem is solved by the following minimisation problem:
where (y t , x t ) for t = 1, . . . , T are observations from (Y, X) and ρ τ (y) = y (τ − ½ (y < 0))
is the quantile loss function. The Bayesian quantile regression approach (see Yu and Moyeed [55] , Kottas and Gelfand [38] and Kottas and Krnjajic [39] ) instead considers the distribution of Y |x as belonging to the Asymmetric Laplace distribution family, denoted by ALD (τ, q τ (x) , σ), with positive σ, whose density function is given by:
) σ ½ (−∞,∞) (y) .
( 1.3)
The nice feature of the ALD (τ, q τ (x) , σ) distribution is that the regression function q τ (x) corresponds exactly to the theoretical τ -th quantile of Y | x. Quantile regression methods have been extensively considered in literature to evaluate the VaR (see, among others, Huang [30] , Schaumburg [51] , Chernozhukov and Du [11] , Kuester et al. [42] , Taylor [52] and Gerlach et al. [24] ); recently Chao et al. [10] , Fan et al. [20] , Hautsch et al. [29] and Chao et al. [10] consider the same approach to calculate also the CoVaR. In this paper, we propose a Bayesian approach to cast the CoVaR within a quantile regression framework and we show how to model and evaluate it as a quantile of the conditional distribution of an institution k given a particular quantile of another institution j. Bayesian methods are very useful and flexible tools of combing data with prior information in order to provide the entire posterior distribution of the parameters of interest. It also allows for parameter uncertainty to be taken into account when making predictions. In the context of the present paper, since the quantities of interest are risk measures, learning about the whole distribution becomes more relevant due to the interpretation of the VaR and CoVaR as financial losses. The use of Markov chain Monte Carlo methods (MCMC) has made Bayesian inference very attractive during the last decades, allowing for efficient inference for complex statistical models. In the Bayesian quantile regression framework, the inference on the unknown parameters is made analytically tractable because it relies on the exact likelihood function for the quantiles of interest, see equation (1.3) . Moreover, post-processing the MCMC output we are able to make inference on the VaR and CoVaR functions as well as to calculate their posterior credible sets useful to assess estimates' accuracy. Up to our knowledge this is the first attempt to infer on CoVaR from a Bayesian point of view.
As second step, since risk measures are usually evaluated on time series data and returns typically change over time, we extend the Adrian and Brunnermeier [4] CoVaR approach to account for the dynamics of the tail behaviour. The idea is to consider time varying quantiles to link the future tail behaviour of a time series to its past movements which is important in risk management contest. In particular, starting from the idea stated in De Rossi and Harvey [16] we propose a dynamic model to capture the evolution of VaR and CoVaR. In order to provide a flexible solution for the quantile modelisation whilst retaining a parsimonious representation, the time evolution of the process should be carefully chosen. Hence, throughout the paper, we propose to model the dynamics of the quantile functions' parameters as local linear trends which represents a good compromise between degree of smoothness of the resulting quantiles and the ability of the model to capture changes over time. Time varying quantiles represent a valid alternative to conditional quantile autoregression proposed in different contexts by Engle and Manganelli [19] , Gerlach et al. [24] , Gourieroux and Jasiak [28] and Koenker and Xiao [35] .
To implement the dynamic Bayesian inference, we cast VaR and CoVaR models in state space representation and we run a Gibbs sampler algorithm using the ExponentialGaussian mixture representation of ALD distributions (Kotz et al. [40] ). This approach allows us to obtain a conditionallly Gaussian state space representation which permits an efficient numerical solution to the inferential problem. In order to make posterior inference, we use the maximum a posteriori summarising criteria and we prove that it leads to estimated quantiles having good sample properties according to De Rossi and Harvey results [16] .
There are several applications of CoVaR which are interesting both in economics and finance. In this paper we analyse different U.S. companies belonging to several sectors of the Standard and Poor's Composite Index (S&P500) in order to evaluate the marginal contribution to the overall systemic risk of a single institution belonging to it. The empirical results show that the proposed models provide realistic and informative characterisation of extreme tail co-movements. Moreover, our findings suggest that the dynamic model we propose is more appropriate when dealing with financial time series data.
The paper is organised as follows. In Section 2 we give a brief definition of Value-atRisk and Conditional Value-at-Risk measures. In Section 3 we build the time invariant Bayesian model and we provide details on how to make inference using Markov chain Monte Carlo (MCMC) algorithms. In Section 4 we extend the previous framework to the time varying case, allowing the representation of marginal and conditional quantiles as functions of latent processes. In Section 5 we apply the proposed models to real data, while Section 6 concludes.
VaR and CoVaR representations
random vector where each Y j is expressed through some covariates X = (X 1 , X 2 , . . . , X M ), (M ≥ 1). We have in mind that, for any j ∈ {1, . . . , d}, Y j , the variable of interest of institution j, depends on some covariates X and that for any k ∈ {1, . . . , d}, k = j, the behaviour of the variable Y k , related to either institution k or the whole system, depends on covariates X as well as on the behaviour of the variable of institution j, Y j . Without loss of generality, thereafter, we fix τ ∈ (0, 1) and suppose that we are interested in institutions j and k for j = k and (j, k) ∈ {1, . . . , d} × {1, . . . , d}.
Let us recall that the Value-at-Risk, VaR
x,τ j of institution j is the τ -th level conditional quantile of the random variable
The Conditional Value-at-Risk CoVaR 
Note that the CoVaR corresponds to the τ -th quantile of the conditional distribution of
Assuming the linear representation (1.1) of the quantiles of interest, we can write:
where θ τ l,m and β are unknown parameters with l ∈ {j, l} and m = 0, . . . , M . For the sake of simplicity we consider the same τ for both VaR and CoVaR and for the ease of exposition we drop the τ index from all parameters.
Time invariant quantile model
The use of Bayesian inference in quantile regression contest is now quite standard although quite recent. In what follows, we adopt the approach used in Yu and Moyeed [55] where data come from an Asymmetric Laplace Distribution which is a convenient tool to deal with quantile regression problems in a Bayesian framework. Suppose that we observe (y, x) = (y t , x t )
and CoVaR
x,τ k|j we consider the following equations:
for t = 1, 2, . . . , T , where β, θ j and θ k are unknown parameters of dimension 1, (M + 1) and (M + 1) respectively, and the first component of x t is equal to 1 to include a constant term in the regression function. Here, for any t ∈ {1, . . . , T }, ǫ j,t and ǫ k,t are independent random variables distributed according to ALD(τ, 0, σ j ) and ALD(τ, 0, σ k ) respectively, with positive σ j and σ k . Due to the property of Asymmetric Laplace distributions, the functions x T θ j and x T θ k + βy j correspond to the τ -th quantiles of Y j | X = x and
For a fully Bayesian modelling, we need to specify the prior distribution on the unknown parameters vector γ = (θ, β, σ j , σ k ). We assume the following priors independent on the value of τ :
3)
k > 0 and b 0 k > 0 are given hyperparameters. Notations N and IG refer to a Gaussian and an Inverse Gamma distributions, respectively. Typically vague priors are imposed on σ j and σ k because they are regarded as nuisance parameters, see e.g. Yu and Moyeed [55] and Tokdar and Kadane [53] .
As discussed in Yu and Moyeed [55] , due to the complexity of the likelihood function, the resulting posterior density for the regression parameters θ and β does not admit a closed form representation for the full conditional distributions, and need to be sampled by using MCMC-based algorithms. According to Kozumi and Kobayashi [41] , we instead adopt the following well-known representation (see e.g. Kotz et al. [40] and Park and Casella [49] ) of ǫ ∼ ALD (τ, 0, σ) as a location-scale mixture of Gaussian distributions:
where ω ∼ Exp σ −1 and z ∼ N (0, 1) are independent random variables and Exp(·) denotes the Exponential distribution. Moreover, the parameters λ and δ 2 are fixed equal to 5) in order to ensure that the τ −th quantile of ǫ be equal to zero. The previous representation (3.4) allows us to use a Gibbs sampler algorithm detailed in the next subsection. Exploiting this augmented data structure, the model defined by equations (3.1) and (3.2) admits, conditionally on w, the following Gaussian representation:
for t = 1, 2, . . . , T , where z j,t , z k,t are independent and ω j,t , ω k,t are independently drawn
, respectively. From equations (3.6) and (3.7), the distribution of Y conditional on the parameters vector γ, the observed exogenous variables x and the augmented variables ω = (ω j,t , ω k,t ) T t=1 , becomes
Computations
Due to the Gaussian representation shown above we are able to implement a partially collapsed Gibbs sampler algorithm based on data augmentation (see Liu [46] and van Dyk and Park [54] ). The key idea of the complete collapsed Gibbs sampler is to avoid simulations from the full conditional distributions of the all model parameters (θ j , θ k , β, σ j , σ k ) by analytically marginalizing them out. This approach has several advantages with respect to a systematic sampling because it reduces the computational time and increases the convergence rate of the sampler. In our model this complete collapsed approach is not possible since the predictive distribution of the augmented variables (ω j,t , ω k,t ) has not a closed form expression. Instead, it is possible to integrate out the variables (ω j,t , ω k,t ) given the observations, from the full conditionals of the scale parameters (σ j , σ k ). The partially collapsed Gibbs sampler we implement is an iterative simulation procedure from the following full conditional distributions:
.
To initialise the Gibbs sampling algorithm we simulate a random draw from the joint prior distribution of the parameters defined in equation (3.3) , and conditionally on that, we simulate the initial values of the augmented variables (ω j,t , ω k,t ) T t=1 from their exponential distributions. Updating the parameters in this order ensures that the posterior distribution is the stationary distribution of the generated Markov chain. This is because combining steps 1 and 2 essentially produces draws from the conditional posterior distribution π (σ j , σ k , ω j , ω k | θ k , θ j , β, y, x).
VaR and CoVaR posterior estimation
From a Bayesian point of view once we retrieve simulations from the posterior distribution we can choose several ways to summarise them. Lin and Chang [45] use the maximisation of the posterior density to make inference for the quantile regression parameters, showing that this is equivalent to the minimisation problem (1.2) 
Credible sets at a given confidence level for both VaR x,τ k|j and CoVaR
x,τ k|j estimates can be calculated by marginalising out the scale parameters (σ j , σ k ) and the latent variables (ω j , ω k ), using the sample draws of the MCMC algorithm. Monte Carlo estimates of the marginal posterior densities of the quantile functions are given by
where G denotes the number of post burn-in iterations. The 95% High Posterior Credible intervals HPD 95% for the τ -th quantile can be obtained from the samples
Time-varying quantile model
As mentioned before VaR and CoVaR are respectively unconditional and conditional quantiles, given current information, of future portfolio values. It is typically the case that returns change over time and for this reason it can be interesting to build suitable model for time varying VaR and CoVaR. In particular, when modeling time varying quantiles, it is important to link future tail behaviours of time series to its past movements to take into account for risk management arguments. Recently, time varying quantile topic has been received increased attention and different econometric models have been proposed: the most known are the Conditional Autoregressive Valute-at-Risk (CAViaR) model of Engle and Manganelli [19] , the Quantile Autoregressive (QAR) model of Koenker and Xiao [35] , and the Dynamic Additive Quantile (DAQ) model of Gourieroux and Jasak [28] . Most of them introduce an autoregressive structure in their modeling, which is intuitively attractive, as series of financial returns tend to exhibit time varying conditional moments, fat tails and volatility clustering. More recently, Gerlach et al. [24] deal with the problem of estimating the conditional dynamic VaR using a Bayesian approach. The resulting conditional quantile for the variable of interest is directly modeled as a smooth function of the observed past returns. In this paper we propose a different approach to introduce dynamics in the quantiles, modelling both the VaR and CoVaR as a function of latent variables having their own time dependence. The introduction of latent states having a dynamic evolution allow for the future behaviour of the modeled quantiles to depend upon their past movements in a flexible way. In particular we estimate, from a Bayesian point of view, the required quantiles simultaneously and we allow the quantiles depending on exogenous variables. In so doing we have in mind a generalisation of De Rossi and Harvey [16] and Kurose and Omori [43] results who proposed to model the unconditional quantile curve using smoothing spline interpolation. More precisely, we model the observed vector at each point in time (y j,t , y k,t ), as a function of independent latent processes (µ j,t , µ k,t ) and the regressor terms in the following way: ∀t ∈ 1, . . . , T ,
where ǫ j,t ∼ ALD (τ, 0, σ j ), ǫ k,t ∼ ALD (τ, 0, σ k ) are independent random variables. The intercept terms µ l,t with l ∈ {j, k} are introduced to account for time dependence in the quantile functions. In fact, for l ∈ {j, k}, we propose the following smooth time-varying dynamics for µ l,t :
where
, with s l > 0 allows a certain degree of smoothness of the quantile process. Since one of our main focuses is to analyze the dynamic co-movement of two institutions, we also allow the parameter β t to change over time. To reflect different impacts between institutions we consider the following evolution for β t :
and κ is defined as before. Throughout the paper we assume that ∀l ∈ {j, k, β}, (η l,t , η * l,t ) is independent of (ǫ j,t , ǫ k,t ) (here we use β as an index since there is no ambiguity).
In order to estimate the model parameters we rewrite equations (4.1)-(4.6) using a state space representation so that ∀t ∈ 1, . . . , T ,
is the vector of independent ALDs as defined in equations (3.1)-(3.2),
• Z t = 1 0 0 0 0 0 0 0 1 0 y j,t 0 is the time varying matrix of loading factors,
is the vector of latent states whose dynamic is given by the transition matrix A, with A = I 3 ⊗ B, B = 1 1 0 1 ; and ⊗ denotes the Kronecker product,
is the time-varying error vector distributed ac-
To complete the Bayesian model specification we choose as prior distribution for the nonvarying parameters θ the same as in Section 3; the parameters in the variance-covariance matrices of all latent processes are distributed according to IG r 0 l , v 0 l with positive r 0 l and v 0 l ∀l ∈ {j, k, β}. In addition we assume that the vector of first states ξ 1 is distributed according to equation (4.9) , with κ > 0 sufficiently large.
The linear state space model introduced in (4.7)-(4.9) for modeling time-varying conditional quantiles is non-Gaussian because of the assumption made on the innovation terms. So in those circumstances optimal filtering techniques used to analytically marginalize out the latent states based on the Kalman filter recursions can not be applied (see Durbin and Koopman, [17] ). Considering the (3.4) representation of the innovation terms in (4.7) it easy to recognise that the non-Gaussian state space model admits a conditionally Gaussian representation. More specifically equations (4.7) and (4.9) become: ∀t ∈ 1, . . . , T ,
(4.10) 12) where the time-varying vector c t , and matrix G t are respectively c t = (λω j,t , λω k,t ) T and
; ω j,t and ω k,t are independent with ω l,t ∼ Exp σ −1 l for l ∈ (j, k) and σ l > 0; λ and δ are defined in equation (3.5).
The complete-data likelihood of the unobservable components (ξ t )
T t=1
and ω = (ω j,t , ω k,t ) T t=1 and all parameters γ = θ, s 2 j , s 2 k , s 2 β , σ j , σ k can be factorized as follows: 
Computations
Using the complete-data likelihood in (4.13) and the prior distributions stated in sections 3 and 4 we are able to write the joint posterior distribution of the parameters and the unobservable components. The form of the posterior allows us to sample from the complete conditional distributions and to use the Gibbs sampler algorithm, as shown below.
After choosing a set of initial values for the parameter vector γ (0) , simulations from the posterior distribution at the i-th iteration of γ (i) , {ξ t , t = 1, 2, . . . , T } (i) and {ω l,t , l ∈ j, k, t = 1, 2, . . . , T } (i) for i = 1, 2, . . . , are obtained by the following Gibbs sampling scheme:
where ξ l t denotes the vector consisting of the elements µ j,t , µ * j,t for l = j, µ k,t , µ * k,t for l = k, and (β t , β * t ) for l = β.
where z l,t denotes the first row of the matrix Z t for l = j or the second one for l = k.
and
where Σ 0 j and Σ 0 k are square matrices of dimension M .
4. For l = j, k and for all t ∈ {1, 2, . . . , T }, generate ω
,with parameters
5. Since conditionally on the augmented latent states (ω j,t , ω k,t ) T t=1 , the state space model defined in equations (4.10)-(4.12), is linear and Gaussian, the latent dynamics can be marginalized out by running the Kalman filter-smoothing algorithm. We draw (ξ t , β t ) T t=1 jointly using the multi-move simulation smoother of Durbin and Koopman [18] . This entails running a Kalman filter forward with the state equation defined as in (4.12). As in Johannes and Polson [31] , equation (4.2) for y k,t is a measurement equation with time-varying coefficients, because y j,t is known and represents a time varying factor loading. Once the Kalman filter is run forward, we run the Kalman smoother backward in order to get the moments of joint full conditional distribution of the latent states (4.13). Finally, we simulate a sample path by drawing from this joint distribution. For a similar simulation algorithm based on forward-filtering backward-smoothing see also Carter and Kohn [12] , [13] and Fruhwirth-Schnatter [21] .
Maximum a Posteriori
As in the time-invariant case, once we retrieve simulations from the posterior distribution, in order to make posterior inference, we use the maximum a posteriori summarising criteria. In what follows we prove that using this criteria, the estimated quantiles have good sample properties according to De Rossi and Harvey [16] Proposition 3, i.e. a generalization of the "fundamental property", where the sample quantile has the appropriate number of observations above and below. Proposition 4.1 For the state space model defined in equations (4.1)-(4.6) with prior distributions specified in Sections 3 and 4, κ large enough and a diffuse prior on θ, the MaP quantile estimates µ
∀m ∈ {1, . . . , M }, where C ⊂ {1, . . . , T } is the set of all points such that the Map quantile estimate coincides with observations and
. From equations (4.1)-(4.6), let us write the complete-
as proportional to the product of two parts P ost marg and P ost cond where
where ∆ξ
Note that the MaP of
is obtained by maximizing separately P ost marg and P ost cond with respect to θ j , (µ j,t )
T t=1
, respectively. Note also that the check function ρ τ (·) of the Asymmetric Laplace distribution is derivable everywhere except in zero and its derivative corresponds to the function χ τ (·) defined in equation (4.14).
Differentiating log (P ost marg ) ∀t = {1, 2, . . . , T } \ {C}, we obtain:
∀t ∈ {2, . . . , T − 1}, and
where we use S
. It turns out that
which combined with equation (4.15) and choosing κ sufficiently large and a diffuse prior on θ j implies that the maximizer of P ost marg satisfies the following equation
The derivatives of log (P ost cond ) with respect to
can be obtained as the ones for log (P ost marg ). Deriving log (P ost cond ) with respect to (β t )
T t=1 , ∀t = {1, 2, . . . , T } \ {C}, leads to:
, ∀t ∈ {2, . . . , T − 1}, and
It turns out that
Choosing a sufficiently large κ and a diffuse prior on θ k implies that the maximizer of P ost cond satisfies the following equation where h t = x m,t + 1 for the VaR y j,t + x m,t + 1 for the CoVaR, (4.17) and A∪B ∪C = {1, . . . , T }. Here, A and B denote the set of indices such that observations are respectively (strictly) above and (strictly) below the MaP quantile estimates, and C = C + ∪ C − = {t ∈ C : h t ≥ 0} ∪ {t ∈ C : h t < 0} is the set of indices such that the observations coincide with the quantile estimates.
Proof -Following the proof of Proposition 3 in De Rossi and Harvey [16] , using Proposition 4.1 and the following inequalities
18) where h t = x m,t + 1, the result in (4.1) is obtained by rewriting the central term in (4.18) as follows:
The same occurs for the CoVaR.
is continuous, then inequalities (4.16) coincide with the ones stated Proposition 3 of De Rossi and Harvey [16] . When h t ≡ h ∀t, then (4.16) corresponds to the fundamental property of sample time-varying quantiles.
Empirical application
Throughout this section we illustrate the methodology previously discussed to real data. In particular we analyse separately the time-invariant specification of CoVaR proposed in Section 3 and the time-varying version considered in Section 4. The idea is to study the tail co-movements between an individual institution j and the whole system k it belongs to. The financial data we rely on refer to the Standard and Poor's Composite Index (k) for the U.S market where different sectors (j) are included. For those institutions and for the whole system we consider both micro and macro variables in order to take into account for individual information and for global economic conditions respectively. The analysis is based on weekly observations; whereas the data are not observable at the same frequency we build a smoothing state space model to fill the missing values. The focus of the empirical application is to show how CoVaR provides interesting insights about the tail risk interdependence. Moreover, we show the relevance of introducing dynamics in the extreme quantiles in order to effectively capture the contribution of individual institutions to the systemic risk evolution. Approaching VaR and CoVaR estimation in a Bayesian framework allows us to calculate their credible sets which are necessary to assess estimates' accuracy.
The data
The empirical analysis is based on the publicly traded U.S. companies listed in Table 1 belonging to different sectors of the Standard and Poor's Composite Index (S&P500). The sectors considered are: financials, consumer goods, energy, industrials, technologies and utilities. Financials consist of banks, diversified financial services and consumer financial services. Consumer Goods consist of the food and beverage industry, primary food industry and producers of personal and household goods. The energy sector consists of companies producing or supplying energy and it includes companies involved in the exploration and development of oil or gas reserves, oil and gas drilling, or integrated power firms. Industrials consist of industries such as construction and heavy equipment, as well as industrial goods and services that include containers, packing and industrial transport, while technologies are related to the research, development and/or distribution of technologically based goods and services. Utilities consist of the provision of gas and electricity. Daily equity price data are converted to weekly log-returns (in percentage points) for the sample period between January 2, 2004 to December 28, 2012, covering the recent global financial crisis. Table 2 provides summary statistics for the weekly returns. Except for few companies, the mean return during the estimation period is positive. Consumer goods and Energy have the highest average return, while Banks and Financial services have the lowest one. Focusing on the sample correlation with the market index return, the correlation involving the financials and industrials is the largest on average. The correlation with the market index return varies substantially across sectors, ranging from 0.553 (PEG) to 0.772 (AXP). Bellwether sectors like consumer and utilities show a surprisingly high correlation level. A possible explanation for this empirical evidence is that the correlation among financial stock increases dramatically during times of turbulence and in particular in late 2008 as the global financial crisis intensified. Finally, the last column of Table 2 provides the sample 1% stress level of each institution's return evaluated over the entire time period. By comparing these values with the number of standard deviations away from their mean, we can see that asset return distributions do not appear highly skewed. The characteristic of the data summarised in Table 2 induce to study the risk interdependence through the CoVaR tool.
To control for the general economic conditions we use observations of the following macroeconomic regressors as suggested by Adrian and Brunnermeier [4] and Chao, Härdle and Wang [10] :
(i) the VIX index (VIX), measuring the model-free implied stock market volatility as evaluated by the Chicago Board Options Exchange (CBOE).
(ii) a short term liquidity spread (LIQSPR), computed as the difference between the 3-months collateral repo rate and the 3-months Treasury Bill rate.
(iii) the weekly change in the three-month Treasury Bill rate (3MTB).
(iv) the change in the slope of the yield curve (TERMSPR), measured by the difference of the 10-Years Treasury rate and the 3-months Treasury Bill rate.
(v) the change in the credit spread (CREDSPR) between 10-Years BAA rated bonds and the 10-Years Treasury rate.
(vi) the weekly return of the Dow Jones US Real Estate Index (DJUSRE). (i) leverage (LEV), calculated as the value of total assets divided by total equity (both measured in book values).
(ii) the market to book value (MK2BK), defined as the ratio of the market value to the book value of total equity.
(iii) the size (SIZE), defined by the logarithmic transformation of the market value of total assets.
(iv) the maturity mismatch (MM), calculated as short term debt net of cash divided by the total liabilities.
Microeconomic variables are downloaded from the Bloomberg database and are available only on a quarterly basis. Since our analysis builds on weekly frequencies we choose to impute missing observations by smoothing spline interpolation. Details on the procedure are given in Appendix A. 
Time-invariant risk beta
In what follows we provide the Bayesian empirical analysis for the time-invariant CoVaR model stated in Section 3. In order to implement the inference we specify the hyperparameters values for each prior distribution defined therein. We set the first moment of the exogenous regressor's parameters θ equal to zero and let their variance-covariance matrices to be diagonal, i.e. Σ 0 l = 100 × I 11 , for l = j, k. The β parameter is assumed to have a Gaussian prior centered on β 0 = 0 with large variance, σ 2 β = 100. Vague prior for the nuisance parameters σ l , for l = j, k are imposed by setting a 0 l = b 0 l = 0.0001 which correspond to an Inverse Gamma distribution with infinite variance.
The MCMC algorithm illustrated in Section 3 run for 200,000 times with a burn-in phase of 100,000 iterations. For all the considered institutions, Tables 4-5 report the estimated systemic risk β and the exogenous parameters as well as the HPD 95% , for τ = (0.025, 0.05) credible sets. To check the MCMC convergence we also calculate the Geweke's convergence diagnostics (see Geweke [25] , [26] ) which are not reported to save space but confirm the convergence of the chain.
For all the reported institutions the β's parameters are positive and significantly different from zero. Note that a positive β indicates that a decrease in VaR x,τ j (expressed as a larger negative value) yields a greater negative CoVaR x,τ k|j , i.e. a higher risk of system losses. Moreover, by comparing HPD 95% for the β parameters, it is also evident that the extent of the systemic risk contribution is significantly different across institutions belonging to different sectors. Hence the result highlights the empirical evidence of a sector specific effect of individual losses to the overall systemic risk. We also observe that on average the systemic β has lower value for institutions belonging to the financial sector and is higher for institutions belonging to consumer and energy sectors. This evidence gives the idea of existence of sectors having different sensitivity to the risk exposure. In addition, it is worth noting that sometimes the β parameter displays a huge variation also within the same sector. It is the case for example for the industrial one, where the estimated β coefficient for GE is significantly different from the one of BA whose credible sets are not overlapping. Finally, comparing the βs for the two different values of τ considered we observe that on average higher values of the parameter tend to be associated with smaller values of the confidence level τ , meaning that the co-movement between asset and market is stronger for extreme returns.
We now concentrate our attention to the influence of macroeconomic variables. From Tables 4-5 we detect some remarkable differences among assets and in particular we observe that:
-except for the VIX and the US Real Estate indices, the impact of the remaining variables change in magnitude and significance as we move from one asset to another. This heterogeneous behaviour seems to be transversal with respect to sectors at least in some cases such as liquidity spread (LIQSPRD). As expected, the VIX index estimated parameters are always significantly negative while the opposite happens for the US Real Estate Index. This is true for both the VaR and CoVaR regressions and for all the considered τ . -some macroeconomic variables, such as the changes in three-months Treasury Bill rate (3MTB) or the term spread (TERMSPR) display a different impact on the CoVaR and VaR being always positive or not significant in the first case and also negative for some sectors (financial and utilities) in the latter case. This means that an increase in the spread between ten years Treasury Bond rates and threemonths Treasury Bill rates (CREDSPR) produces a decrease of the CoVaR while reducing individual risks in the case of financial and utilities sectors. This means that in principle large traded firms benefit from an increased interest rate because it increases the opportunity cost of different financing strategies. As expected, the change in credit spread has a negative impact on the firms' riskiness.
-for different values of the confidence level τ the macroeconomic variables show a different impact on the marginal and conditional quantiles becoming in general less significant as the τ -level increases.
For the micro exogenous regressors, we note that:
-the leverage regressor (LEV) has always a negative (when significant) coefficient for the VaR, indicating that individual risk is greatly enhanced in highly leveraged companies, while for the CoVaR regression it is positive for AXP (which belong to consumer finance sub-sector) but negative for GS, MS and MCO (which belongs to the diversified financial services sub-sector);
-the market capitalisation (SIZE) has a significantly positive impact on the VaR while its sign varies also across institutions belonging to the same sector for the CoVaR regression. This evidence suggests that large institutions are more risky if considered in isolation. Moreover, the extent to which large companies contribute to the overall risk is not clear, depending on the "degree of connection" among institutions and on diversification of their portfolios;
-the maturity mismatch coefficient (MM) is always negative for the VaR regression while it is positive for the CoVaR regression. This denotes the existence of positive correlation between financial imbalances and individual riskiness (measured by the VaR), as we would expect;
-the market-to-book ratio (MK2BK) is significantly different from zero for the VaR only in two cases: CMA and KEY which belong to the bank sector, and it is always positive for the CoVaR regression.
To have a complete picture of the individual and systemic risk contributions we plot in Figure 1 together the estimated VaR and CoVaR along with their HPD 95% for some of the assets listed in Table 1 . Starting with individual risk assessment, we clearly find that the VaR profiles are relatively similar across institutions, displaying strong negative downside effects upon the occurrence of the recent financial crisis of 2008, and 2010 and the sovereign debt crisis of 2012. However, the analysis of the time series evolution of the marginal contribution to the systemic risk, measured by CoVaR, reveals different behaviours for the considered assets. In particular, Citygroup (C), which belongs to the bank sector, seems to contribute more to the overall risk than other assets do. Inspecting Figure 1 and Tables 4-5 , we note that institutions having low β coefficients provide major contribution to the 2008 financial crisis. On the contrary, McDonalds Corp. (MCD), which belongs to the consumer sector, has a large estimated β, and inspecting the CoVaR plot in Figure 1 its contribution to the overall systemic risk is much lower than that of financial institutions. For the selected companies, Figure 2 plots the CoVaR for two different confidence levels τ = 0.025 and τ = 0.1. From this figure we can highlight the different impact of the crisis among sectors. For the financial one, for example, we note that the difference between CoVaR x,0.025 j and CoVaR x,0.1 j is much larger than for assets belonging to other sectors, meaning that the financial sector probably had a huge impact on the extreme systemic risk during the 2008 crisis, as withnessed by the extremely large losses.
Time-varying risk beta
We estimate time-varying systemic risk betas according to the dynamic model defined in equations (4.1)-(4.6) using the same exogenous variables described in Section 5.1. Tables  6 and 7 measures. In this respect the analysis is not exhaustive and the identification of sector specific risk factors deserves further investigation using a larger number of institutions. Figure 3 , which is the dynamic counterpart of Figure 1 , shows that the dynamic CoVaR risk measure suddenly adapts to capture extreme negative losses especially during the 2008 financial crisis. Comparing this evidence with the one shown in Figure 1 it is clear that the dynamic model provides a better characterisation of extreme tail co-movements when dealing with time series data.
Turning our attention to the time varying β's, Figure 4 plots the evolution of the MaP estimates for three different confidence levels τ = 0.025, τ = 0.05 and τ = 0.5. As expected the evolution of the β's for τ = 0.025 (dark line) and τ = 0.05 (blue line), almost coincides for all the reported institutions. Moreover, the systemic risk betas behaviours display a huge cross-sectional heterogeneity. For example, the systemic risk beta of the energy institutions (third panel in Figure 4 ) increase over time, showing their highest values during the financial crisis at the end of 2008 and 2011. Conversely, during the same period, we observe a large drop down for the β t of General Electric (fourth panel in Figure 4 ). The time series behaviour of the systemic risk betas reveals a different impact of the crisis periods on the overall marginal risk contribution of each institution.
Measuring marginal contribution to systemic risk
In their paper Adrian and Brunnermeier [4] introduced as a measure of the marginal contribution to system risk, the ∆CoVaR Moreover, some relevant differences among companies belonging to different sectors are evident: in particular, the financial sector, (first panel of Figures 5-6 ), the energy sector (third panel of Figures 5-6 ) and the utilities sector (bottom panel of Figures 5-6 ), display the largest drop. Vice versa, the technology sector displays the lowest variations of the ∆CoVaR measure during the 2008 recession. The grey areas correspond to the HPD 95% associated to the ∆CoVaR contributions providing information about the size of the risk contribution for the given confidence level. We note a huge cross-sectional heterogeneity on the credible sets behaviour with some sectors such as the consumer, industrial and technology being characterised by large uncertainty of the ∆CoVaR estimates.
Comparing the two figures, it is evident that the dynamic ∆CoVaR estimates are smoother than the corresponding time-invariant one, leading to a less noise-corrupted signal useful for policy maker purposes. Moreover, Figure 6 provides a clear indication of the high flexibility of the dynamic model implying a promptly reaction of the risk measure to the economic and financial downturns. These considerations argue in favour of the dynamic model when dealing with time series data.
Finally, we consider the time series relationship between VaR and CoVaR or ∆CoVaR. In what is perhaps the key result of Adrian and Brunnermeier [4] , they find that the CoVaR (∆CoVaR) of two institutions may be significantly different even if the VaR of the two institutions are similar. On this basis, they suggest the policy maker to employ the CoVaR (∆CoVaR) risk measure, as a valid alternative to the VaR, while forming policy regarding institution's risk. Results obtained with our modelling support their thesis. In fact, building the following simple regression model for each institution j Table 3 indicate cases where the corresponding coefficient δ 1 is not significantly different from one. Except for few cases the null hypothesis is rejected and this is more evident for the dynamic model than for the time invariant one. In particular, for the ∆CoVaR regression there is enough evidence that the estimated δ 1 parameter is related to the sector the institutions belong to, being higher for financials, energies and utilities. Interestingly, the regression coefficients is almost zero for the technology sector.
Conclusion
One of the major issue policy makers deal with during financial crisis is the evaluation of the extent to which riskness tail events spread across financial institutions. In fact, during financial turmoils, the correlations among asset returns tend to rise, a phenomenon known in the economic and financial literature as contagion. From a statistical point of view the risk of contagion essentially implies that the joint probability of observing large losses increases during recessions. The common risk measures recently imposed by the public regulators, (the Basel Committee, for the bank sector) such as the VaR, fail to account for such risk spillover among institutions. The CoVaR risk measure recently introduced by Adrian and Brunnermeier [4] overcomes this problem being able to account for the dependence among institutions' extreme events.
In this paper we address the problem of estimating the CoVaR in a Bayesian framework using quantile regression. We first consider a time-invariant model allowing for interactions only among contemporaneous variables. The model is subsequently extended in a time-varying framework where the constant part and the CoVaR parameter β are modelled as functions of unobserved processes having their own dynamics. In order to make posterior inference, we use the maximum a posteriori summarising criteria and we prove that it leads to estimated quantiles having good sample properties according to De Rossi and Harvey results [16] and we efficient Gibbs sampler algorithms based on data augmentation for the two models considered.
The Bayesian approach used throughout the paper allows to infer on the whole posterior distribution of the quantities of interest and their credible sets which are important to assess the accuracy of the point estimates. Since the quantities of interest in this contest are risk measures, learning about the whole distribution becomes more relevant due to the interpretation of the VaR and CoVaR as financial losses. In addition, credible sets provide upper and lower limits for the capital requirements for banks and financial institutions.
To verify the reliability of the built models we analyse weekly time series for nineteen institutions belonging to six different sectors of the Standard and Poor 500 composite index spanning the period from 2nd January, 2004 to 31st December, 2012. We use micro and macro exogenous variable to characterise the quantile functions. From the empirical results it is clear that the model and the proposed approach are able to sharply estimate marginal and conditional quantiles providing a more realistic and informative characterisation of extreme tail co-movements. In particular, the dynamic version of the model we propose outperforms the time invariant specification when the analysis is based on time series data. Up to our knowledge this is the first attempt to implement a Bayesian inference for the CoVaR.
The second author is also grateful to the "MEMOTEF" Department for granting her a three-month visiting fellowship at Sapienza University in fall 2012. We are also very grateful to Roberto Casarin and Monica Billio for their helpful comments and suggestions. In this appendix we give details on the procedure used to impute missing observations. In particular for each variable, starting from balance sheets data available only on a quarterly basis, we implement a nonparametric smoothing cubic spline, see for example Koopman [36] and Koopman et al. [37] . Formally, suppose we have an univariate time series y τ 1 , y τ 2 , . . . , y τ T not necessarily equispaced in time and define δ t = τ t − τ t−1 , for t = 1, 2, . . . , T as the difference between two consecutive observations, and assume the time series is not entirely observed, we approximate the series by a sufficiently smooth function s (τ t ). Standard approach chooses s (τ t ) by minimizing the following penalizedleast squares criterion:
A Missing values treatment
with respect to s (τ t ), for a given penalization term λ. The function s (τ t ) , ∀t = 1, 2, . . . , T is a polynomial spline of order m + 1 and when m = 2, we have a smoothing cubic spline model. To estimate the smoothing parameter λ and to forecast missing observations model (A.1) can be cast in State Space form that is, for m = 2:
where [s (τ 1 ) , ℓ (τ 1 )] T ∼ N (0 2 , κI 2 ), with κ sufficiently large to ensure a diffuse initialization of the latent states, the transition equation innovations vector is [
, the measurement innovation ǫ (τ t ) ∼ N 0, σ 2 ǫ and the penalty parameter λ coincides with the signal-to-noise ratio λ = σ 2 ζ /σ 2 ǫ . We fix the parameter σ ǫ to one and estimate λ = σ 2 ζ in a Bayesian framework imposing a diffuse Inverse Gamma prior distribution, i.e. λ = σ 2 ζ ∼ IG α 0 λ , β 0 λ . We fit the model using MCMC techniques, in particular, the Gibbs sampler with data augmentation (see Geman and Geman [23] , Tanner and Wong [50] and Gelfand and Smith [22] ). The Gibbs sampler consist in the following two steps: S1. simulate the latent process ξ
T , ∀t = 1, 2, . . . , T , using the disturbance simulation smoothing algorithm of de Jong and Shephard [15] appropriately adjusted to handle missing observations and the diffuse initialization of the state vector (see also the augmented Kalman filter and smoother of de Jong, [14] ).
S2. simulate the λ (i+1) parameter from the complete full conditional distribution which is an Inverse Gamma distribution
with parameters:
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